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Abstract:

Recently introduced a new topological structure of D-metric spaces and formulated the
fundamental D-contraction principle is class of contraction mappings is further
extended and generalized in various directions by several authors in the course of time
and established several fixed point theorems or the single as well as pairs of commuting
as well non commuting mappings in D-metric spaces.

INTRODUCTION

It is now clear that the fixed point theorems in D-metric spaces have some nice applications to
approximation and optimization theory, and therefore, the field of D-metric fixed point theory is increasing
with a good space.

In this paper, we proved fixed point theorems in metric spaces without any algebraic structure. We
now consider spaces with a linear structure but non-linear mappings in them. In this paper we restrict our
attention to normed spaces, but our main result will be extended to general locally convex spaces.

DEFINITION 1.1:

Let Ebe a vector space over. Amapping of E into R is called a norm on E if it satisfies the following axioms.
i) p(x)z O(X € E)
ii) p(x)=0if andonlyif x=0
iii) p(x+y)£ p(x)+p(y)(x,y € E)

A vector space E with a specified norm on it called a normed space. The norm of an element x € E will

usually be denoted by |x||. A normed space is a metric space with the metric d(x,y) = x-y (x,yE)and the
corresponding metric topology is called the normed topology. A normed linear space complete in the metric
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defined by the norm is called a Banach space. We now recall some definitions and well known properties of
linear spaces. Two norms pl and p2 on a vector space E are said to be equivalent if there exist positive
constants k, k' such that

P (x)<kp,(x),p,(x)<k'p (x)(xeE)

Two norms are equivalent if and only if they define the same topology.
DEFINITION 1.2:

Amapping fofavector space E into R is called a linear functional on E if it satisfies
i) S (x+y)=f )+ f()(xy €E)

ii) f (ocx) =ocf(x)(x eE,ae R).

Amappingp: E —Riscalled asub linear functional if

i) p(x+y)£ p(x)+p(y)(x,ye E)
ii)p(ocx)=ap(x)(xe E ., a 20).

HAHN-BANACHTHEOREM:

Let E, be a subspace of a vector space E over R; let p be a sub linear functional on E and let £, be a linear
functional on eo that satisfies.

fo ()< p(x)(x < Ey)
Then there exists a linear functional f on E that satisfies.
i) f(x)<p(x)(x€E)
i) f(x)=fo (x)(x€E).
For the proof refer to Dunford and Schwartz or Day.
COROLLARY:
Givenasub linear functional on E and x, € E, there exists a linear functional f'such that
f(x%)=p(x). f(x)<p(x)(xe E).

In particular, a norm being a sub linear functional. Giben a point x0 of a normed space E, there
exists a linear functional fon E such that.

£ @<l (& E)and 1 (x0)= i

DEFINITION 1.3:

A norm p on a vector space E said to be strictly convex if p (x +y) = p(x)+ p(y) only when x and y are
linearly dependent.

THEOREM (CLARKSON) 1.1:

If anormed space E has a countable every-where dense subset, then there exists a strictly convex norm on E
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equivalent to the given norm.
PROOF:

Let S denote the surface of the unitball in E,
s=foild=1)

Then there exists a countable se (xn) of points of S that is dense in S. for each n, there exists a linear
functional fn on E such that

f(x,)= =1andfn(x)|s||x||(er)

x}’l

Ifx #0, then fn(x) # 0 for some n. For by homogeneity, it is enough to consider x with

”X” =1, and for such x there exists n with ||x—xn ” < —. But then
2

L) =1, G S, (e =x,) 2 1=/, (x5, )

21—||x—xn||>l
2

L
Wenow take p (x): ||x|| + {i 2" (]; (x))2 }2 . It is easily verifies that p is a norm on E and that

n=1
M < p ()= 2|
Finally p is strictly convex. To see this, suppose that
p+y)=px)+p()
and write & =f(x),yn = f(y). Then

[Bremi] {Sref (S

n=l

And we have the case of equality in Minkowsiki's inequality. It follows that the sequencega ») and (n,)
are linearly dependent. Thus there exist,v. not both zero, such that

Mg, +un, =0(n=12,..)
But this implies that

/) (Xx+uy)=0(n =1,2,...)

and so x +y=0. This completes the proof.
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LEMMAL.1:

Let K be a compact convex subset of a normed space E with a strictly convex norm. Then to each point x of
E corresponds a unique point px of K at K at minimum distance fromx, i.e., with.

||x—Px|| =inf {”x - y|| : ySK}
And the mapping x —Px is continuousinE.
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