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INTRODUCTION

It is now clear that the fixed point theorems in D-metric spaces have some nice applications to 
approximation and optimization theory, and therefore, the field of D-metric fixed point theory is increasing 
with a good space.

In this paper, we proved fixed point theorems in metric spaces without any algebraic structure. We 
now consider spaces with a linear structure but non-linear mappings in them. In this paper we restrict our 
attention to normed spaces, but our main result will be extended to general locally convex spaces.

DEFINITION 1.1: 

Let E be a vector space over. A mapping of E into R is called a norm on E if it satisfies the following axioms.

A vector space E with a specified norm on it called a normed space. The norm of an element x € E will 
usually be denoted  by ||x||. A normed space is a metric space with the metric d(x,y) = x-y (x,yE)and the 
corresponding metric topology is called the normed topology. A normed linear space complete in the metric 
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defined by the norm is called a Banach space. We now recall some definitions and well known properties of 
linear spaces. Two norms p1 and p2 on a vector space E are said to be equivalent if there exist positive 
constants k, k' such that

Two norms are equivalent if and only if they define the same topology.

DEFINITION 1.2: 

A mapping f of a vector space E into R is called a linear functional on E if it satisfies

A mapping p : E → R is called a sub linear functional if 

HAHN – BANACH THEOREM: 

Let E  be a subspace of a vector space E over R; let p be a sub linear functional on E and let f  be a linear o o

functional on eo that satisfies.

Then there exists a linear functional f on E that satisfies.

For the proof refer to Dunford and Schwartz or Day. 

COROLLARY: 

Given a sub linear functional on E and x  €  E, there exists a linear functional f such that 0

In particular, a norm being a sub linear functional. Giben a point x0 of a normed space E, there 
exists a linear functional f on E such that.

DEFINITION 1.3: 

A norm p on a vector space E said to be strictly convex if p  (x + y) = p(x)+ p(y) only when x and y are 
linearly dependent.

THEOREM (CLARKSON) 1.1: 

If a normed space E has a countable every-where dense subset, then there exists a strictly convex norm on E 
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equivalent to the given norm.

PROOF: 

Let S denote the surface of the unit ball in E,

Then there exists a countable se (xn) of points of S that is dense in S. for each n, there exists a linear 
functional fn on E such that

If x  ‡ 0, then fn(x) ‡ 0 for some n. For by homogeneity, it is enough to consider x with 

Finally p is strictly convex. To see this, suppose that 

And we have the case of equality in Minkowsiki's inequality. It follows that the sequence(
are linearly dependent. Thus there exist ,v. not both zero, such that

But this implies that

and so x + y = 0. This completes the proof.

3

{}: 1S x x==

() ()()1n n n nf x x f x x x E== £Îand

x  = 1, and for such x there exists n with 
1

.
2n

x x-< But then 

  
()()() ()1

1
1

2

n n n n n n n

n

f x f x f x x f x x

x x

= +-³--

³-->
 

We now take () ()()
1

22

1

2 .
n

n
n

p x x f x
¥

-

=

ì ü
=+í ý

î þ
å  It is easily verifies that p is a norm on E and that 

  ()2x p x x££ 

()()()p z y p x p y+=+. 

 and write xn=fn(x),yn = fn(y). Then 

  ()

1 1 1

2 2 22 2 2

1 1 1

2 2
n n n

n n n n
n n n

sxh x h
¥ ¥ ¥

- - -

= = =

ì üìüì ü
+= =í ýíýí ý

î þîþî þ
å åå 

 (xn) and (hn) 

( )0 1,2,...n n nlxmh+==

( )( )0 1,2,...nf x y nlm+==

Some Common Fixed Points in D-Metric Spaces

http://www.reviewofresearch.net/BookPublish/index.aspx


LEMMA 1.1: 

Let K be a compact convex subset of a normed space E with a strictly convex norm. Then to each point x of 
E corresponds a unique point px of K at K at minimum distance from x, i.e., with.

And the mapping x → Px is continuous in E.
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