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ABSTRACT

In this paper we obtain a common fixed pdiméorem only the real valued function
defined on intervals. We try to develop thdedéntiable function. In this paper we see that

every rational function is differentiable extegt the point where the denominator is zero
INTRODUCTION

Here we discuss the detail analysis of real adludifferentiable function. Where f

is considered as real valued function definecamninterval | R.

The concept of derivative of a function amethod of obtaining the derivatives of

some functions has been solve by differemirha’s & example of following
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DEFINITION 1

As F is said to have a derivatives at=xa if exist. If the limit

exists, then f is said to be differentiable at a and its derivative is denoted by
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Hence if E isthe setof points of | atuahif’'(a) exists and E@. Then f' is itself a
real valued function on E. If’ is defined at every point of E , then fs&d to be
differentiable on E. It is possible that=H) and there are functions which are differentiable

at some points in the domain but not at othengsobf the domain.
LEMMA 1

If the real valued function f is differentlabat the point & R,

then f is continuous at x=a

PROOF :-

Let afunction f be differentiable at x = a

f(x+h)—f(x)

- = f'(x) exists.

Then limy,_,q
In order to show that f is continuous at=xa we have to show that

lim £ = f(@)

xX—a

i.e lim [f(x)—f(a)]=0

= f'(x) x0=0

The converse of the above statement is ‘evetlé function f is continous at x = a it need
not be differentiable at x =a’

EXAMPLE 1:-

The f(x) = x|(X)| for ¥ R than f'(x) =2 |x| for every x in R from the definition of
the function f(x) = x? if x>0 and f(x) = —x? for x<0. If x>0

Ans:

we have,

1) = limy o 2
(x+h)? —x?
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Since & h> 0 when |h| is sufficiently small

. 2xh+h?
F/0) = limy g 22

= limhy_,o(2x + h)
= 2X
If x 0 then

G5 =ty 22700
T —(x+h)? —x?

- 11rnh—>0 h
Since %h <0, where |h| is sufficiently small,

. —2xh—h?
fx) = llmheOXT

= limy,_,o(—2x — h)
= —2X
Let us consider the case when x=0

) : £(0+h)—£(0
f'(0) = limy —; ©

. h|h|
= llmh_)o T

= limh_,olhl =0

Combining all the above three cases, we get

f'(x) = 2|x| for every x in R

NOTE 1:-

The function f’ may have a derivatives denoted pYywhich is defined at all points where
f'" is differentiable f'' is called the second derivatives of f
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NOTE 2 :-

lim fCO~1(0) does not exist
h-0 x—0

If X< 0. Thus f does not have a derivative at zero; even though
f is continuous at zero.

LEMMA 2

If f and g are both differentiable at x =a in R, rthd+g , f-g and f.g are
differentiable and have derivatives given by

N f+9)@=f(a)+g(a)
) f-9)@=f(@-g@
1 (fg)'(@ = f(@g(@ + f(a)g'(a)

IV) If g'(a) #0 then f/g is differentiable at a and has derivativeeg by

£\ g(@+f'(@)-f(a)g'(@)
N (L =
) (g) (@) (@]

PROOF: (i) Let, we have
f+@=f(@+g@
Taking LHS first ,
(f+9)(@)=f(+g @

RHS
) f—9)(@=f(@-g@
Taking LHS first ,
= f(@)-g(
= RHS
) Let h=fg vx#a

We get,



Golden Research Thoughts
Vol -2, ISSUE -10, April.2013
ISSN:-2231-5063

Available online at www.aygrt.net

h(x) —h(a) = f(x)g(x) — f(a).g(a)
= f(x).gx) — f(a).g(x) + f(a@). g(x) — f(a).g(a)

And so,

h(x)-h(a) _ fx)-f(a) gx)—g(@)
— — 9 +fla) ==

f(x)—f(a)

xX—a

Since , lim,_,,

— £ . g(x)—g(@)
= f'(a)lim ——

xX—a
= g'(a)
By Lemma, lim g(x) = g(a)
xXx—a

Hence by using the theorem on limits, h haslerivative at a and
@ = Jim 220 = £(q) g (a) + f(a)g (@)

x—a X—a

To prove (iv),leth = f/g. Then we have,

h(x)-h(a)
X—a

1 fx)—fa g(x)—g(a)
gx)g(a) [g(a) x—a f(a) x—a ]

Since f(x) and g(x) are differentiable at having the derivativest'(a) and g'(a) and
when »£0,

lim g(x) = g(a)
We get from above

[ he9-he@) _ g@f (a)—f@)g (a)
1m — 2
x-a x—a g°(a)
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DISCUSSIONS

The derivative of any constant is zero. fitx) = x , thenf’(x) = 1 .by using (iii) proof
repeatedly we see that™ is differentiable and the derivative iax™"! for any integer n,
when x#0 . Thus a polynomial is differentiable using proof repeatedly. We see that
every rational function is the differentiabéxcept at the point where the denominator is

Zero.

For two functions f and g the compositection h = gof is defined ateach point a

in the domain of f for which f(a)is ihga domain of g and at such a poink(a) =

(gof)(a) = g[f(a)]

LEMMA 3

If f is differentiable at a and g is diéamtiable at f(a) therh = gof is differentiable at

a and has the derivatives of

W (a) = g'lf (@]f'(a)
PROOF:-

Let f is differentiable at a so continuousg&be differentiable at b =f(a) , continuocalso
simultaneously

h = gof is continuous at x=a

then, n(x) = &_i@ —f'(a)

x—

Since  lim,_, f(X;:i(a) exists them(x) exists in adetected neighborhood of a
& nx)>0asx—-a

Hence , if f is differentiable at we can write,
f) —f@)=x-a)[ f(@+n(x)]

Similarly, since g is differentiabbg b = f(a)

We have ,

g)—gb) = —-blg') +y)]
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Where

Yy -0, y-b
Then,  h(x) —h() = (gof)x — (gof)a = glf(x)] — glf(a)]
) —gb) = —blg®) +y1)]
=[f(0) —f@] [g(F @) +y (fF( ()]
=(x—a) [f@+1@[g®» +y»]|

If x#a we get,

DO _ 151) + YO [F@ +1 () ]

xX—a
If lim x—» a then
y=fx) - f(a) =b;
Hence,

nx)—->0 & y(y)—> 0 therefore,

h'(a) = limw
= gb)f'(a)

NOTE :-

As inverse function gives the relationship bedtwethe derivatives of the inverse functions.
If fis a one-one function on [a, b] intals.

Thenq[f(x)] = x(a < x < b) where ¢ is the inverse function for ‘f’
EXAMPLES 2:—
If f(x)=x as xR & f(x) = sinx ifx is x Q prove thatf'(0) =1
Ans :- We have

: . f0-f(0)
£ =, limy,,———

X is rational,
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' . -0
f(0) =, llmxﬁa% =1

X € Q i.e. Irrational,
FO = limeg™r=1
£10) =, lim, =X =1

£ =1

EXAMPLES 3:

If f(x)=e ¥ :vxeR thenshow that itis continuous at x =0
but not differentiable at x=0

Ans : f0)=0
When x>0, f(x) = e™*

x_l,loT et¥ = limy,, e1(0th)

=1

Then, lim,_, , f0=f©

x—a x—0

e *-1

= lim,o——

x—0

= lim(l—x+§+x72........—1)/x= -1,

When X< 0

lim f(x)—f(0)

x—0 x—0

e*—1

2
= limyo— =}Ci%(1+x+§+"7........—1/x)

=1
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f(x)—f(0)
x—0

does not exist at x=0

Hence lim,_,,

REMARKS

As define the one — sided derivative of a funmttif. let f be defined n an interval [ a:&
for somedé> 0

DEFINITION

The right and left hand derivative of f atis,

f(x)—f(0)
x—0

f’i = limx—mi

Also,

f(a+h)—f(a)

f't=limp o4 h

REMARKS:

f'(a) exists iff f' + (a) andf’ — (a) exists and both are equal.

CONCLUSION

By the above lemma and examples we definedl valued functions defined on intervals.
As f, g is continuous at a f(a) then, h =f is continuous at a In this article whow
that how much the methods real valued functiames be effective for solving on the
problem of intervals. So we have found a serid solution for differential equations &
we sure that these are more problems sdlesbove analysis.
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