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Abstract

In a graph G(V,E), a subset D C Vis called a global dominating set of G, if D is a dominating
set of both G and G. The global domination number Yg(G) is the minimum cardinality of a
minimal global dominating set in G. In this paper, we study the minimum dominating energy,
denoted by E; (G), of a graph G and minimum double dominating energy of G. We compute
the minimum global dominating energies of complete graph, complete bipartite graph, star
graph and cocktail party graph. Upper and lower bounds for E;p (G) are established.
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1. INTRODUCTION

In this paper, by a graph G(V,E) we mean a simple graph that is finite, have no loops no
multiple and directed edges. We denoted by n and m to the number of its vertices and edges,
respectively. We refer the reader to Harary book [9] for more graph theoretical analogist not
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defined here. A subset D € V (G) is called a dominating set of G if every vertex veV — D is
adjacent to some vertex in D. The domination number y(G) of G is the minimum cardinality of a
minimal dominating set in G. A subset D € V (G) s called a global dominating set in G if D is a
dominating set of both G and G. The global domination number A4(G) is the minimum cardinality
of a minimal global dominating set in G. Any global dominating set in a graph with minimum
cardinality is called a minimum global dominating set. The concept of global domination in graph
was introduced by Sampathkumar [18], while Kulli and Janakiram [14] have introduced the concept
of total global dominating sets. Also, there are more studies and details in this concept can be see it
in [4, 20, 21, 19] and the references cited there in. While for more details in domination theory of
graphs we refer to Haynes et al. book [10].

The concept of energy of a graph was introduced by I. Gutman [7] in the year 1978. Let G be
a graph with n vertices and m edges and let A = (a;;) be the adjacency matrix of the graph. The
eigenvalues A4, 1,, ......., 4, of A, assumed in non increasing order, are the eigenvalues of the
graph G. As A is real symmetric, the eigenvalues of G are real with sum equal to zero. The energy
E(G) of G is defined to be the sum of the absolute values of the eigenvalues of G, i.e.

E(G) = S, IA,l.

For more details on the mathematical aspects of the theory of graph energy see [2, 8, 15].
The basic properties including various upper and lower bounds for energy of a graph have been
established in [16, 17], and it has found remarkable chemical applications in the molecular orbital
theory of conjugated molecules [5, 6].

Recently C. Adiga et al [1] defined the minimum covering energy, E-(G) of a graph which
depends on its particular minimum cover C. Further, minimum dominating energy, Laplacian
minimum dominating energy and minimum dominating distance energy of a graph G can be found
in [11, 12, 13] and the references cited there in.

Motivated by these papers, we study the minimum global dominating energy E;,(G) of a
graph G and minimum double dominating Energy. We compute minimum global dominating
energies of some standard graphs. Upper and lower bounds for E;p(G) are established. It is
possible that the upper dominating energy that we are considering in this paper may be have some
applications in chemistry as well as in other areas.

2. THE MINIMUM GLOBAL DOMINATING ENERGY OF A GRAPH

Let G be a graph of order n with vertex set V(G) = {vy, vy, ....., 1} and edge set E(G). Let
D be a global dominating set in G. The global domination number yg(G) of G is the cardinality of
a smallest global dominating set in G. Any global dominating set D with cardinality equals to
vg(G) is called a minimum global dominating set of G. The minimum global dominating matrix of

G is then nXn matrix, denoted by AGD(G) = (ajj), where Characteristic polynomial of
AGD(G) is denoted by

fu(G, 1) =det (Al — Agp(G) ).

The minimum global dominatingeigen values of a graph G are the eigenvalues of A;p (G)
.Since A;p (G)is real and symmetric, its eigen values are real numbers and we label them in non-
increasingorder A;2 A2 >.....2 An. The minimum global dominating energy of G is defined as:
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EGD(G) = X T=1IAil.

We first compute the minimum global dominating energy of a graph in Figure 1

Ty "

Figure-1
Let G be a graph in Figure 1, with vertices set {v, V,, V3, V4, Vs, Vg }. Then G has more one set as a
minimum global dominating set. For example, D1 = {v,,v3,v,}. Then
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The characteristic polynomial of Agp, (G) is
fu(G,2) = 2° —32° —51* + 1223 + 942 — 91 — 5.

Hence, the minimum global dominating eigenvalues are 1; = 3.2263 ,1, = 1.9102,1; =
1.0000,4, = —0.4939,15 = —1 , 14 = —1.6426.

Therefore the minimum global dominating energy of G is E;p, (G) = 9.2730.

But if we take another minimum global dominating set of G, namely D, = {v,, v3, 4},

we get that

—
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[

Agp,(G) =

— =
==
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The characteristic polynomial of A¢p, (G) is
fu(G,2) = 2° —32° —51* + 1123 + 812 — 81 — 4.

The minimum global dominating eigenvalues are A; = 3.3795 , 1, = 1.6708, ;= 1, 1, =
—0.4399, A; = —1, Az = —1.6105. Therefore the minimum global dominating energy of G is
E¢p,(G) = 9.1007.

This example illustrates the fact that the minimum global dominating energy of a graph
G depends on the choice of the minimum global dominating set. i.e. the minimum global
dominating energy is not a graph invariant.
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In the following section, we introduce some properties of characteristic polynomial of
minimum global dominating matrix of a graph G.

Theorem 2.1. Let G be a graph of order n, size m, minimum global dominating set D and let
(G, A) = coA™ + AL+ A2 4 - L Hay,.

be the characteristic polynomial of the minimum global dominating matrix of a graph G.

Then

1 CO=1'

2 ¢,=-|D|
_(IDI\ _

3. CZ—(Z) 2.

Proof. 1. From the definition of £, (G, 4).

2. Since the sum of diagonal elements of AGD(G) is equal to |D|. The sum of
determinants of all 1X 1 principal submatrices of Acp(G) is the trace of
Agp (G),which evidently is equal to |D|. Thus, (—1)1C1 = |D|.

3. (-l)zc2 is equal to the sum of determinants of all 2 X 2 principal submatrices of

Agp (G),thatis

Qi;  Qij
i Gjj

G = lei<j5n
= lei<j5n(aiiajj_aija]'i)

— 2
= lei<j5n a;;idjj — lei<j5n Qi

=(8)=m

Theorem 2.2. Let G be a graph of order n. Let A1,A2,...,An be the eigenvalues of
AGD(G). Then
O X4 = |DI.
(i) X* A2 =|D| + 2m.
Proof. (i) Since the sum of the eigen values of AGD(G) is the trace of AGD(G),then

Z?/li = 2?21 a;i = |D|
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(ii) Similarly the sum of squares eigenvalues of AgD(G) is the trace of (AGD(G))Z.

Then,
?:1/12i = ?:12?:1aijaji
=YL, a%; + Dl aijaj;
=Y, a%; + 23 a%;
= |D| + 2m

Bapat and S.Pati [3], proved that if the graph energy is a rational number then it is an even
integer. Similar result for minimum global dominating energy is given in the following theorem.

Theorem 2.3. Let G be a graph with a minimum global dominating set D. If the minimum global
dominating energy EGD(G) of G is arationalnumber, then

EGD(G) = |D|(mod2).

Proof. Let A1,42,...,An be the minimum global dominating eigen values of a graph G of which
A1,A2,...,Ar are positive and the rest are non-positive, then

Tl = QA+, + i+ 4) — (A1 H gt AL
= 2(&1"‘&2 + R +AT) - (Al_'_lz + b '+AT)
= 2q — |D|.whereq = A+, + -+ .... +1,..

Since A1,A2,...,Ar are algebraic integers, so is their sum. Hence (A1 +A2 +...+Ar) must be an integer

if EGD(G) is rational.

Theorem 2.4. Forn = 1, the minimum global dominating energy of the complete graph
Kn,is EGD(Kn) = n.

Proof. For the complete graphs K1, the minimum global dominating set is all vertices, i.e.
D =V(Kn).

Then,

Aap Fq) =

= A""1(1-n)
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The characteristic polynomial of AGD(Kn) is

s T (R LR
. i Jef e o

fﬂ{hm/\} = . . . .

= | —1 s e—]

The spectrum of Knis

GD Spec(K,) = ( T?_ 1 nl )

Therefore, the minimum global dominating energy of the complete graph is
EGD(Kn) =n.
Theorem 2.5. For the complete bipartite graph Kr, r,for r>2, the minimum global
dominating energy is equal to
r+1D)+Vrz2+2r-3

Proof. For the complete bipartite graph K+ 1 with vertexsetV = (V1,V2) where V1 and V) are
the partite sets of its, V1 = {v1,v2,,vr}and V2 = {ui,u2,, usr}.

The minimum global dominating setis D = {v1,u1}. Then

IR E i | i T I
| ) I U | |
I 1 - 1068 - 0

Acp(Kry) =

CE A e Aol D e B

/o iy

The characteristic polynomial of AGD (K7 1)is

A=L D =2 B =1 =k g =l
0 X - 0 =1 =1 . -

I S A

WKy A) =
i ) 1 - 1210 -0

2rxdr

=P+ -DA- (- DIP -+ DA+ (- 1)
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The spectrum of Ky~ 1 is GDSpec(Ky 1)

0 (TR T () VTORR (1) TR
2 3 ] 3
( % — 1 1 1 1 ! )

Therefore, the minimum global dominating energy of the complete bipartite graph

is Egp(Krp)=@+1)+VrZ+2r-3

Theorem 2.6. Forn > 2,the minimum global dominating energy of a star graph
K, —1 isless than orequal to 2 +2vVn —2

Proof. Let K1,,—1 be a star graph with vertex set V = {vo, v, V2, Vy—1}, Where vyis the central
vertex. Since , K,,_; = K; U Ky _, it follows that the minimum global dominating set of K1n-1 is
D = {vy,v;}foranyi=12,...,.n—1.

Hence, if we choose D = {v,, v;},then the minimum global dominating matrix of K1,,—1 is

TP
1 1 0 == 0
Apn(Kiz)=11 00 = D
\id oo --- 0 )

"X

The characteristic polynomial of AGD(K1,n—-1) is

A—1 -1 A wew

Rl W e

..fre({\-!.re—!‘ -?\} - -1 0 A e 0
_l (} t] )\ MXn

=D 3AB=-22-(n—-2)1+ (n—2)]
SO 3B =-22—-(n—-2)A+2(n—-2)]

The spectrum of K1 n—1is

0 9 e -2
GD Spec(Kin_1) = ( 1 1 \/T \/T— )
n—
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Therefore, the minimum global dominating energy of a star graph is
Eep(Kim-1)<2+2Vn—2

Definition 2.7. The cocktail graph, denoted by K., is a graph having vertex set

V(Koxp) UL, {u;, v} and edge set E(szp) = {uiuj, Vv, WV vt 1 ST <j < p}, ien =

2_
2p,m = P 23p and for ever v € V(szp),d(v) =2p—2.

Theorem 2.8. For the cocktail party graph K, of order 2p, forp = 3, the minimum global
dominating energy is equal to (2p — 1) +V5(p — 1)

Proof. For cocktail party graphs K,,,, the minimum domination set is D= {uil1<
i < p}.Hence, for cocktail party graphs the minimum global dominating matrix is

1 0 10l 1
L I I 1
z I o L e

1

|
i
|
Aep(Knp)=] 1 10 0 --- {

1 e ek e il H
1 1 I 1L === ()

2px2p
The characteristic polynomial ofAGD(KZXp) is

1011 il 1

0011 11

1110 157 Rl
FulKa =1 1 0 0 |

1 1 11 1 0

j SR Eld B 6 0 .

= [ - @p - DA+ (- DI +2-1]¢

The spectrum of Kj,, is

(2p—1)—\/1p78p12 (2p—1)++/4p7 8p+2 _1_ 5 _1443
GD Spec(Koxp) = 2 3 3 ]
1 1 p—1 p—1

Therefore, the minimum global dominating energy

Egp(Kaxp) = 2p—1) + \/E(P - 1).

Theorem 2.9. Let G be a graph of order n and size m. Then
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J2m +v4(G) < Egp(G) < /n(Zm +vy4(G)

Proof. Consider the Couchy-Schwartiz inequality

(=) <& &)

By choose aj = land bj = |Aj|, we get

(Een(©)) = (Z'“) = (Z 1) ( Zﬂ)

i=

<n(2m+|D|)

<n(2m+y,(®).
Therefore, the upper bound is holds. For the lower bound, since

(Xm0 =230, 22
Then, Ecp(G)* =2 X1 2% =2m+ |D| = 2m + y4(G)

Therefore, E;p(G) = /2m +y,4(G).

Similar to McClellands [17] bounds for energy of a graph, bounds for E;, (G) are given in the
following theorem.

Theorem 2.10. Let G be a graph of order n and sizem , respectively.

If P = det(Agp(G)), then

Egp(G) 2 JZm +v4(6) +n(n — 1)p%

5 i i i \',' r m R n ]
(Ean(G))” = | 2 |,s.u.|) — (\—\MJ ( > | ] =% _:32 | sl [ 251
A i=1 ; i=1 , i=1 y. =1

it

1/[r{n—1]]
]' Al —
2 R = (Hﬂf‘“%') -

173 i#7
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i 1/[r(n—1)]
(Eep(G))? = > AP +n(n—1) (H )\f||)«,_)
i1

[ |

& 1/[mn(n—1)]
= Z |)\s|'} +n{n—1) (H )\f|2"‘” --1;)

=1 =3 g

T 2¢n
B Z A2+ n(n — 1) H’\"

=1

i
= 21t + g (G) + r(rn — 1) P™,

3.MINIMUM DOUBLE DOMINATING ENERGY:

Let G be a simple graph of order n with vertex set V = {v,,v,, V3, ... ....., 1, } and edge set
E. Asubset D' € V is a double dominating set if D' is a dominating set and every vertex of V — D’
is adjacent to atleast two vertices in D". The double Domination number y,,(G) is the minimum
cardinality taken over all the minimal double dominating sets of G.

Let D' be the minimum double dominating set of a graph.The minimum double dominating

matrix of G is the n X n matrix defined by A, (G) = (a;;) where

1 ifUi U]'EE
aij =911 ifi=jandv, €D’
0 otherwise

The characteristic polynomial of A, (G) is denoted by f,,(G, 1) = det (Al — Ap(G)).
The minimum double dominating eigen values of the graph G are the eigen values of A, (G).

Since Ap(G) is real and symmetric, its eigen values are real numbers and are labeled in
non-increasing order 1; = 1, = 13 >, ...., = A,,.the minimum double dominating energy of G is
defined as Ep (G) = X7, |4

Example 3.1. Let G be a cycle C, on 4 vertices uq, Uy, Uz, Uy With minimum double dominating set
D' = {u,,u3}.Then

1
0
AD (C4) = 1
0

oORr O
e =)

=

The Characteristic polynomial of Ap(C,) is A*—223 — 312 + 44, the minimum double dominating

1+V7 1-7
2 72

eigen values are 0, 1, , and the minimum double dominating energy is E;(C,) =1 +

V17.

Theorem 3.2. Let G be a graph with n vertices and m edges.

Available online at www.lsrj.in

10



THE MINIMUM GLOBAL DOMINATING ENERGY OF A GRAPH

If A1, A5, A3,, ..., A, are the eigen values of A, (G), then Z’{‘:l/llz =2|E| + |D|
Proof: The sum of the squares of the eigen values of A, (G) is the trace of A, (G)2.

n 2 _ yn n
A= i:12j:1aijaji

= 22i<j(aij)2 + Z?=1(aij)2
=2|E|+|D/|

Theorem 3.3. Let G be a simple graph with n vertices, m edges and let D' be a double dominating
setof Gand F = |det Ap(G)| then,

2
\]2m + D'+ n(n—1)fr <Ep(G) < n(2m+|D'|)
Proof: Let 1, > 1, > 43 >,....,= 4, be the eigen values ofA, (G) .

By Cauchy-Schwarz inequality, n(a;b)? < T (a) S, (bD)).
Let a; = 1, bi = |Ai|r

n

Ep(6)? = ( I/liI)ZSn< |/1i|2>=n A% =n@m+|D|
O = Q= (L)

Ep(G) < /nZm + D

i=1
[Ep(D)]? = (ZMiDZ = ZMHZ +Z|/1i| |/1j|
= i=1 i=j

From the inequality between the arithmetic and geometric mean,

1
We obtain Yol 2] = (Tizj1:0 |4 |)@=D

1
n(n-1)
1
Yizjl il || = n(n = D[, |2,/ D]pe-D
2
2 n(n = DT Al
2
= n(n = DLl

2
>n(n—1)|detAp(G) |»
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2
Yiej 11 |4 = n(n — DF
S 2
[Bo (@) 2 ) 1417 + n(n — 1)Fn
i=1

>(2m+ [D'|+n(n - 1)F%

[Ep(G)] = \/Zm +|D'| + n(n — 1)F%

Definition 3.4. The crown graph S,° for an integer n > 2 is the graph with vertex set v =

{ul, Uy ervee ey Uy, V1, V2, Vg e i ,vn} and the edge set{uivj: 1<i,j<n,i ij}.

Theorem 3.5. For any n > 2, the double dominating energy of the crown graph S,° is equal to
2+2n=3)+Vn2-2n+9+Vn2+2n-7.

Proof: The crown graph S,° with vertex set vz{ul,uz,.......,un, V1, VU2, V3w ves e ,vn} the

minimum double dominating set D' = {uq, u,, v;, v,}.

0 0 0011 1
0 0 0101 1
0 Wi 0. D 1
ThenAy (S2)= [0 0 0O ou L AL s g
011 i 1@ 0 = 0
101 i O AL O = D
110 i O 00 D
1 1 1 0 00O 0]

Characteristic polynomial is

-1 0 0 0 0 -1 -1 -1
0 Ai-1 0 0o -1 0 -1 -1
0 0 A o -1 -1 0 -1
0 0o 0 Lo-1 -1 -1 0
0 -1 -1 -1 -1 0 0 0
-1 0 -1 -1 0 i-1 0 0
-1 -1 0 -1 0 0 A 0
| -1 -1 -1 0 0 0 0 A

Characteristic equation is

AA=2)A+ D)3 A-D" 3R+ (-3)A-2n—-4)P2 - (n-1D1-2)=0
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Minimum double dominating eigen values are
A=0,1=2,1=—-1,(n—3times),A = 1(n— 3 times)

_ (n-1)+Vn?-2n+9
- 2

A (one time each)

_ (B3-n)xvn?+2n-7
- 2

A (one time each)

Minimum double dominating energy

Ey($,°)=2-2n-3)+Vn?—2n+9++vVn2+2n—-7.
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