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ABSTRACT Definition 2.2. A non empty subset S of a
In this paper,we introduce a concepfuakzy ideals in- subtraction algebra N is said to be a subalgebra of
near-subtraction semigroups and discuss some prfdfeerties. N, ifa— be S whenevera, 8 S

Definition 2.3. A subtraction semigroup is an
KEY WORDS: I'- near subtraction semigroup, IdealsIefnear algebra (A, -, —) with two binary operations ‘-’and
subtraction semigroup, fuzzy level set, fuzzy aldefuzzy ‘.’'that satisfies the following properties: for any

homomorphism. b, ce A,
1. (A, .) is a semigroup,
. INTRODUCTION 2. (A, -) is a subtraction algebra,

B. M. Schein [10] introduced the systéhn- , -.), where N 3. a(b — c) = ab -ac and (a — b)c = ac - bc.
is a set of functions closed under the compositidrof functions A subtraction semigroup is said to be
(and hence (N,°) is a function semigroup) and the set theoretwultiplicatively abelian if multiplication is
subtraction ‘-’ (and so (N, -) is a subtractionediga in the sense ofcommutative.
[1]). B. Zelinks[13] studied subtraction semigroup.[3, 4], Y. B. Definition 2.4. A non-empty set N together with
Jun and H. S. Kim discussed the ideals of a seti@ndelated the binary operations “-” and “.” is said to be a
results. Pilz[8] has developed near-ring theoryhe@na at el. [2] near-subtraction semigroup if it satisfies the
defined the near subtraction semigroups . A gradethbership of following:
set is newly introduced by L. A. Zadeh [11]. 1. (N, -) is a subtraction algebra.

Y. S. Pawar at el [7] discussed ideals iés properties , H. 2. (N, .) is a semigroup.
V. Kumbhojkar at el [5] studied correspondenceduaizy ideals. 3. (a — b)c = ac — bc,for all a, bscN.
K.J. Lee and C.H. Park[6] introduced the notioradtizzy ideal in It is clear that Oa = 0,for all @ N. Similarly we
subtraction algebras, and give some conditions fluzzy set to be can define a near-subtraction semigroup (left).
a fuzzy ideal in subtraction algebras. Satyanard9adefined the We always take a near-subtraction semigroup
concept ofl - near ring and their ideals. D. R. Prince Willigid§ means it is a near-subtraction semigroup(right)
studied Fuzzy ideals in near-subtraction semigro. J. only.
Alandkar[1] generalize the concept of near subimacsemigroups Definition 2.5. Let ( N, - ) be a near-subtraction
and introduce the concept Bfnear subtraction semigroup[1] andemigroup and" ={ o, B, ..} be a nonempty set
studied its properties$n this paper, we fuzzificate the concepfief of operators. Then N is said to be &-near

near subtraction semigroup[1] and study its progert subtraction semigroup, if there exists a mapping N
x T x N— N (the image of (ay, b) is denoted by
. PRELIMINARIES aob), satisfying the following conditions:
We recalled the following definitions and its projpes : 1. (N,a) is a semigroupg € T

Definition 2.1. Let A be a nonempty set and subtraction *-" is 2 (N, -) is a subtraction algebra,
single binary operation. Then an algebra is saibet@ subtraction 3. (a — byic = auc — luc (right distributive law),
algebra (A, -) if it satisfies the following axis: for any a, b, € 4. (aub)Bc = an(bpc) for all a, b, e M ando, B €

, r.
(a-(b-a)= a Definition 2.5. Let ( N, - ) be a near-subtraction
(la-(a-b)=b-(b-a); semigroup and’ ={ o, B, ..} be a nonempty set
(i(@a-b)-c=(a-c)-h. of operators. Then N is said to be &-near
In (i) omition of parentheses in expressionsiw form (X subtraction semigroup, if there exists a mapping N
-y) - zis allowed. x T x N— N (the image of (ag, b) is denoted by
In a subtraction algebra, the following propertes satisfied: aob), satisfying the following conditions:
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1. (N,a) is a semigroupy € T’
2. (N, -) is a subtraction algebra,
3. (a — byc = arc — luc (right distributive law),
4. (aob)Bc = au(bpe) for all a, b, &= M anda, B €T
In practice we called simpl\i':near subtraction semigroup’ instead of ‘righhear subtraction semigroup’ .
Similarly we can define B-near subtraction semigroup (left). It is clearttbea = 0,for all & N anda. € T'.
Example 2.6. Let N ={0, 1, 2, 3, 4, 5} in which ‘-’ and € I" are defined by

- 0 1 2 3 4 5
0 0 0 0 0 0 0
1 1 0 3 4 3 1
2 2 5 0 2 5 4
3 3 0 3 0 3 3
4 4 0 0 4 0 4
5 5 5 0 5 5 0
A 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 1 4 3 4 0
2 0 4 2 0 4 5
3 0 3 0 3 0 0
4 0 4 4 0 4 5
5 0 0 5 0 0 5
B 0 1 2 3 4 5
0 0 0 0 0 0 0
1 0 0 4 3 4 0
2 0 4 2 0 4 5
3 0 3 0 3 0 0
4 0 4 4 0 4 5
5 0 0 5 0 0 5

It is easily verified that N is B-near subtraction semigroup.

Notations : In this paper, N denotes, unless otherwise statddnear-subtraction semigroup. Here we consider the
following notations
1. N+ denotes the set of all non-zero elements of Nt iBhig« = N - {0}.
2. NO = {a€ N/ao0 = 0} is called the zero symmetric part of N. Ne@dled zero symmetric if N = NO.
3. Nd = {n€ X/na(a — d) = nua — rud for all a, A€ N} - the set of all distributive elements of N.idcalled distributive
if N = Nd.
4. The centre of N is defined as C(N) =dad\/ack = koa for all ke N }.
5. T denotes the set of all idempotent elements @k T if and only if £ = t).
6. V denotes the set of all nilpotent elements @& V if and only if & = 0 for some positive integer k).
In a rightT'- near subtraction semigroup Ny&@= 0 for all a€ N. But a0 need not be equal to O, foreaN.
Accordingly, we define the following:
Definition 2.7. (i) The set {ae N/an0 = 0} is called the zero-symmetric part of N asdienoted by NO.
(ii) A right I'- near subtraction semigroup N is said to be zgmansetric if N = NO.
Example 2.6. verifies that (N,«) fora € " is a zero symmetric right near subtraction semigroup i.e., N = NO.
Now we introduce the ideals bfnear subtraction semigroup.
Definition 2.8. Let (N,—,a) for a € I' be al-near subtraction semigroup. A non empty subséN is called
(i) a left ideal if | is a subalgebra of (N,—) aadl — ao(& — i) € | for all a, d€ N and i€ |
(ii) a right ideal if | is a subalgebra of (N,-)&r'N < |
(i) an ideal if | is both a left ideal and a rigieal.
Here in Example 2.4, 1={0, 1, 2, 3, 4} is anadlef N.
Remark 2.9. (i) Suppose N is a zero symmetfimear subtraction semigroup and | is a left idéadll such that a —b for
every a, ke N Then the following are equivalent:
() NIl < |
(i) aci—ao(a&—i) € | foralla, a€e N,a € " and i€ .
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Definition 2.10. A mappingu : N — [0, 1] is callecfuzzy set of N.
Definition 2.11. Thecomplement of a fuzzy sefi, denoted byi is the fuzzy set in N given iy(a) = 1 —u(a) for all &
N.
Definition 2.12. The level set of a fuzzy sgtof N is defined agZ(a) = {a€ Nju(a)>t},forall 0 <t< 1.

Throughout this paper N denoté&aear-subtraction semigroup unless otherwise Spdcif

I11. FUZZY IDEALS OF A T-NEAR-SUBTRACTION SEMIGROUP
Definition 3.1: A fuzzy setu in N is called a fuzzy ideal of N if it satisfieise following conditions:
(GFI1) p(a = b)> min{u(a), i(b)} for all a, be N,
(GFI2) w(aox — an(b — x))> u(x) for all a, b, xe N, € T and
(GFI3) u(aab) > n(a),for all a, IE N, 0 € T'.
Note thaty is a fuzzy left ideal of N if it satisfies(GFI1)d(GF12), andu is a fuzzy right ideal of N if it satisfies (GFI1)
and (GFI3).
Example 3.2. Using Example 2.4 , Fare ', (N,—,a) is al'-near-subtraction semigroup and | = {0, 1, 2, 3,143t be
a fuzzy set on N defined hy0) = 0.8,u(a) = 0.5 for all a&& | andpu(5) = 0.3.Then it can be easily verified thais a
fuzzy ideal of N.
Theorem 3.3: Let u be a fuzzy left (resp. right) of N.Then the set &{a € N |u(a) = (0)}is a left(resp.right) ideal of
N.
Proof: Supposau is a fuzzy left ideal of N and let a,eoNp. Thenu(a — b)> min{u(a), u(b)} = w(0).Thus a — k& Np.
For every a, lE N, o € " and x€ Np,we haveu(aox — an(b — x))> pu(x) = 1(0).Thus ax — an(b — x) € Nu. Hence, N is
a left ideal of N.
For every a, le N, a € I" and xe ,we haveu(aob)) > w(a) =pn(0).Thus ab € Nu. Hence, N is a right ideal of N.
Thus Nuis an ideal of N.
Theorem 3.4: Let A be a non-empty subset of N andbe a fuzzy set in N defined by
1A(a) ={i ) t;lfejweisﬁ forall 2 N and s, € [0, 1] with s > 1.
Thenp, is a fuzzy ideal of N if and only if A is an idezf N. MoreoverN, = A.
Proof: Supposeu, is a fuzzy ideal of N. Let a,® A.
Thenp(a - b)> min{u(a), w(b)} = s. Thus, a -6 A.
For every a, le N, a € I" and xe A,we haveu(aox — ao(b — xX))> pu(x) = s
Thus axx — an(b — x) € A.
For all a, be A, o € T.Thenu(aob) > n(a) = s. Thus,@& € A.Hence u, is an ideal of X.
Conversely, assume that A is an ideal of N. Let&,N. If at least one of N and y does not belong fthén 1,
(x = y)=t=minfu, (x), pa(y)}-
If a, be Athen a — beA ,we haveu,(a — b)>s = minfu,(a), pna(b)}
Leta, b, x¢ N, a € I and if x€ A such that ax—an(b—Xx) € A, we haveu,(aox — ab — x))> s =u,(X).
If x € A such that ax — au(b — x) &€ A,we haveu, (aox — a(b — X))>t =p,(x).
For all a, be A, a €T then ab € A, we haveu,(acb) > s =p(a).
Suppose @ A we haveu, (aob) >t =p(a).
Hencep, is a fuzzy ideal of N. AlsdV/,, ={X € N|p4(X) = 14(0)}= {X ENJu, (X) = s}={x € N|x€ A}= A.
Corollary 3.5: Letx, be the characteristic function of a subseEAN.Theny, is a fuzzy left(resp. right) ideal if and
only if A'is a left(resp. right) ideal.
Theorem 3.6: Letp be a fuzzy subset of N.Theris a fuzzy ideal of N if and only if each non-emfevel subset u of
wis anideal of N.
Proof: Assume that is a fuzzy ideal of N andiZ is a non-empty level subset of N.
(i) Since pf is a non-empty level subsetgfthere exists a,éuz , p(a-b)> min{u(a), u(b)} = t. Thus a-ke pz.
(i) Let a, b, xe pF, o € ' ,we havai(aox—ao( b—x)) > p(x) > t.Thus ax — aw(b - x) € pug.
(iii) Let a, be pg, such thafi(aob) > p(a)> t.Thus ab € pg. Hencey? is an ideal of N.
Conversely,suppose thaf is an ideal of N.
(Let if possible u(ay — k) < min{u(ay), u(bo)},for some @, by € uz,then by taking
to = (1/2) {u(ao — ) + min{u(ag), n(bo)}},
we haveu(a — by) > to,for u(ag) > to, u(bg) > to.Thus @ — by ¢ pg,for some g by € pi.This is a contradiction, and so
w(@a-b)> min{u(a), u(b),for all a, be pz(a).
(i)Let if possible, for somege p p(aox—(ao(b—x)) <u(ag), for all a, be N, a € ' and ,then by taking
to =(1/2){u(aoxo — au(b = X)) + p(xo)},
we haveu(anxg — an(b — %)) > to,for p(ag) > to, (bo) > to. Thus axe —an(b—Xy) € ug,for some x € uf and for all a, ke N.
This is a contradiction, and s@aox — au(b — x))> u(x), for all x€ uf and a, ke N.
(iii) Let if possible,u(aabg) < p(ag),for some g by € pZ,then by taking
to = (1/2) {u(a0ebo) + p(a0)},
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we havep(abg) > to,for u(ag) > to, p(bo) > to.Thus @aby € pg,for some g by € pg. This is a contradiction, and so
w(aob) > u(a),for all a, be pg. Hence g is a fuzzy ideal of N.
Definition 3.7: Let N be al-near-subtraction semigroup and a_family of fuzeyss{y; | i € Z} in N. Then the
intersectionNi, u; of {w | i € Z} is defined by
Ni=q #:(8) = inf{ui(a)lae N, }
Theorem 3.8: If { i € I} is a family of fuzzy ideal of N, themi-; u;(a) is a fuzzy ideal of N.
Proof: Let {y|i € I} be a family of fuzzy ideal of N.
(hFor all a, be N,we have
(NiL1) pi(a—b) = inf {u(a - bjie 1}
> inf {min (pi(a), wi(b)) li€ 1}
= min {inf (w(@)I]ie I), inf (w(b)]i € N}
= min{ N ui(@) Ny i(b) }
(i) For all a, b, xe X,we have
(N 15) (80 — au(b = X))
= inf {p(aox — an(b — x))Ji€ 1}
> inf {w(X)[i€l}
= {inf (u(x)[i € 1)}
= (N 1.
(iii) For all a, be N, we have
(NIy) i(anb)
= inf {y(acb)]i € I}
> inf {min (w(a)) li€e I}
= (NLy) wi(a)
Hence( N%,) u;(a) is a fuzzy ideal of N.
Definition 3.9: Let f : N— N’ be a mapping ,where N and N’ are non-emptyg setdu is a fuzzy subset of N. The
preimage of. under f written', is a fuzzy subset of N defined py= n(f(a)),for all a€ N.
Theorem 3.10: Let f : N— N’ be a homomorphism of-near-subtraction semigroupsylis a fuzzy ideal of N_,then'
is a fuzzy ideal of N.
Proof: Supposeu is a fuzzy ideal of N, then
(i? For all a, be N,we have
w (a=b)=p(f(a - D))
Fu(f(a) - f(b))
> min{u(f(a)), p(f(b))}
= min{’ (a),u'(b)}.
(i) For all a, b, xe N,
we haveu' (aox — ax(b — x)) =p (flaux — au(b - X)))
rEf(aax) — f(ao(b - x)))
rEf(@)af(x) - f(@)a(f(b) - f(x)))
= u(f))
p=(x).
(iiiyFor all a, be N,we havai' (aob) =p(f (aob))
=n(f(a)af(b))
> (f(2))
= (y).
Henceu' is a fuzzy ideal of N.
Theorem 3.11: Let f : N— N’ be a homomorphism df-near-subtraction semigroup .fis a fuzzy ideal of N, thep is
fuzzy ideal of N'.
Proof: Supposeu is a fuzzy ideal of X_,then
() Let a’, b’ € N, there exists a, B N such that f(a) = a’ and f(b) = b’, we have
o)) @ - b) =u(f(a) - f (b)) =p(f(a - b)) =p'(a - b)=min { u' (a), " (b)} = min{u(f(a)) , u(f(b))}= min{ u(a),
n .

(ilLet @, b’, X’ € N',there exists a, b, N such that f(a) = a’, f(b) = b’ and f(x) = x’, weaveu (a’ox’ — ba(a’ — x’)) =
u(f(@)af(x) - f(b)a(f(a) - f(x))) =p(f(aux) - f(b)af(a - x)) =p(f(aox) - f(ba(a - x))) =g (f(aox - bu(a-x))) =u' (aox -
ba(a - )= 1" (x) = u(f(x) = u(x) .

(iiLet @', b’ € N, there exists a, B N such that f(a) = a’ and f(b) = b’,

we haveu (a'ab’) = p(f(a)af(b)) = u(f(aab)) = '(anb) > ' (a) =p(f(a)) =p(@).

Hencey is a fuzzy ideal of N'.

Definition 3.12: Let f be a mapping defined on N.Mis a fuzzy subset in f(N),then the fuzzy subsetvef in N(i.e., the
fuzzy subset defined hya) =v(f(a)) for all a€ N) is called the preimage ofunder f.

Proposition 3.13: An onto homomorphic preimage of a fuzzy ideal aM fuzzy ideal.
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Proof: Straight forward.
Let p be a fuzzy subset in N and f be a mapping defmedN.Then the fuzzy subsef in f(X) defined by’ (y) =

aef_f(f; u(a) for all be f(N) is called the image af under f. A fuzzy subsetin N is said to have an sup property if for
sup

every subset M= N, there existsge M such thai(ng) =5, 1(n).

Proposition 3.14: An onto homomaorphic image of a fuzzy ideal witlp swoperty is fuzzy ideal.

Proof: Let f : N— N’ be an onto homomorphism bfnear subtraction semigroup and jebe a fuzzy ideal of N with
the sup property.

()Given a’, be N, we let g € f(a’) and ef™(b’) be such thap(ay) = SUP1(n) sup ,u(bg) = nef_lf;‘f; u(n) sup

nef~1(an
respectively.Then , we have
sup

(@ =) = g pmaf m) 2 min (&)t (B} = i a8 W) ema) WD)
=min {p (&), p (b’) }
(i) Given &, b, X € N', we let @ € fX(@), by ef(b") , x €f %(x’) be such that' (a'a X' — a'a(b’ — X)) =
Su

mef~l@ax -aa(b - x’))z; w(m)

> (&) sup

:mfef_l(a') Il(m)

= (@).
(ii)Given a’, b’ € N’, we let g € f (@) and 3 € f *(b’) be such that

—_ Su Su
%8 (a)) - ‘mEf_l(ag H(m), mef—l(b'r; u(m)

respectively.Then, we have

f 1Y —
W @ob) = b ()

> (a)

Z sup
= mer—ic) M)

=i @),
Hencey' is a fuzzy ideal of N'.
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