ISSN 2231-5063

GRT

Impact Factor : 4.6052 (UIF)

Golden Research Thoughts

Volume - 6 | Issue - 3 | September - 2016

QUASI K-IDEALSIN K-REGULAR
I' -SEMIRINGS

Alandkar S. J.
Head, Department of Mathematics,Walchand College of Arts &
Science, Solapur.

Abstract. A '-semiring(M, +,a), a€ ' whose additive reduct isla
semilattice, is called a k-regul@r -semiring if for each & M there
exists x€ M, a € T" such that a +@&aa = arxaa,. Here we introduce
quasi k-ideals i -semirings and characterize the k-reglilasemirings
by their quasi k-ideals.
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1INTRODUCTION.

The concept of quasi ideals in rings and semigrasigsudied by Otto
Steinfeld [15], [16], [17], [18]. Quasi ideal is marticular case of bi-
ideal. It is generalization of both left ideal anght ideal[19]. S. Lajos
[9] discussed the generalization of this notionnaly the (m,n)-quasi
ideal, He characterized the quasi ideals in reggéarigroups [10]. Kapp
[7] found that for an absorbant semigroup with @rg\H -class together
with O is a quasi ideal. Quasi ideals of differefstsses of semigroups
and semirings have been characterized by many suiho[6], [8],
[4].Von Neumann[11]defined a ring R to be regufahe multiplicative
reduct (R, .) is a regular semigroup.

O(P(G,un))

Rao M. K.12] definedl-semiring as
generalization of semiring and-rings.
Bhuniya at el [2] studyied ML+. In this
article we introduce the notion of quasi k-
ideals in d -semiring and characterize the
k-regular -semirings using quasi k-
ideals. Bourne [3] introduced the k-regular
semirings as a generalization of regular
rings. Later these semirings have been
studied by Sen, Weinert, Bhuniya,
Adhikari [1], [12], [13], [14]. For any
semigroup F, the semiring P(F) of all
subsets of F is a k-regular semiring if and
only if F is a regular semigroup. Here we
show that Q is a quasi k-ideal of the
semiring P(F) if and only if Q = P(P) for
some quasiideal P of F. Thus it is of
interest to characterize the k-regular
semirings using quasi k-ideals.In this
paper we have discussed the
characterization of the k-regulaF -
semirings by their quasi k-ideals.

2. PRELIMINARIES.
Definition 2.1. T'- semiring:-Let (M, +)
and(T, +) be commutative semigroups.
Define the mapping MI' X M - M
(image to be denoted by (x, y) =xay)
satisfying the following conditions:
i) Xay € M,
i) (xty) az = (x0z) + (Yuz), X(@
+P)z = xoz+ Pz, xfy +2) =
Xay+ Xoz,
ii)(xay)Bz = x(ypz), for all x, v,
ze M and alla, Be T.
Then M is al'- semiring.
Everyrl-ring is al'- semiring but
everyI'-semiring need not belaring. For
this we consider the following Example.

Example 1. Let M=T = (Z, +) be the
semigroup of all nonzero positive integers.
Define the mapping MT'xM - M
(image to be denoted by (&, y) = xay)
where xy is the usual multiplication of
the x,a and y for all x, y¢ M and alla€e

I'. Then M is al-semiring but not a
semiring.
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Definition 2.2. Sub-T'-semiring:-Let M be al'-semiring. A nonempty subset S of M is a $ubemiring of M if S itself
is al'-semiring with the same operationsleemiring M.
Definition 2.3. Ideal of a I'-semiring:-A nonempty subset | of Bessemiring M is a left (resp. right) ideal of Mfdr x, y
€|l and reM we have x+ye | and ox €l(resp. xur €l), wherea € T. If | is both left as well as right ideal then way
that | is an ideal of M.
Example 2. Consider the Example of thE-semiring M followed by the definitiorHere | = (2Z, +, T') is an ideal of
M.

Following are the definitions introduced for gealezation of algebraic structure semigroups, setitka ,
semiring, reduct by considering $efor a € T" of operations by replacing multiplication operatio):
Definition 2.4. A band is al'-semigroup in which every element is an idempoténtommutative band is calledIa
semilattice. Throughout this paper, unless othervgimted, M is always B-semiring whose additive reduct isl'a
semilattice and the variety of all suEksemirings is denoted by ML+.
Definition 2.5. A non-empty subset L of B-=semiring M is called a left ideal of M if L +& L and MI'L € L. The right
ideals are defined dually. A subset | of M is cdln ideal of M if it is both a left and a righei of M. A non-empty
subset A is called an interior ideal of M if A + @ A and MFAT' M € A. A non-empty subset A of M is called
semiprime if for & M, &=ana € A implies that a€ A.
Definition 2.5. Henriksen [5] defined an ideal (left, right) | oBamiring S to be a k-ideal (left, right) if forxa;€ S, a; a
+Xx €1)x €l. We extend ta-semiring M.
We define interior k-ideal similarly.
Definition 2.6. A non-empty subset A of M is called a k-subsef-@femiring M if for xe M, a€ A; x + a€ A implies
that x € A.
Definition 2.8. The k-closured of a non-empty subset A is given by,

A ={x€eS/3 a,beAsuchthatx+a=b}.

This is the smallest k-subset containing A. If Aldh be two subsets of M such thatcAB then it follows that
A c B. Since the additive reduct (M, +) isTasemilattice, it follows that an ideal (left, right of M is a k-ideal(left,
right) if and only ifK = K.
Definition 2.9. A subI'-semiring Q is called a quasi ideal of M iff®IN MI'Q € Q. A quasi ideal Q is called a quasi k-
ideal of MifQ = Q.
For examples of quasi k-ideals of'&semiring we would like to explore the followingtaeal connection between quasi
ideals of a'-semigroup F and quasi k-ideals of iheemiring P(F) of all subsets of F.
Definition 2.10. Let F be al'-semigroup and P(F) be the set of all subsets @dfine addition and multiplication on
P(F) by:

U+VvV=UuVand
Ur'v={aab/aeU;beV,ael}} foralU,V €P(F),

Then (P(F); +pt) , a € T is aI'-semiring whose additive reduct i§'asemilattice. Then we have the following result.
Theorem 2.11. Let F be d-semigroup. Then Q is a quasi k-ideal of P(F) d anly if Q = P(P) for some quasi-ideal P
of F.
Proof. Let P be a quasi ideal of F and Q = P(P). Let{af &, ..., a} € MI'Q N QT M where M = P(F). Then for
each athere exist {§,{t } € M and {p},{qi} € Q suchthatae sa pp=qgat. Buta € FI'P N PI'F c P for all i. Thus
A € P. Hence Ae Q. Therefore MQ N QI' M € Q. Thus Q is a quasi ideal of M. Now let&J M and \,,V, € Q
such that U + Y= V,. Then we have W V; = V,. Which implies that L EP. Thus Ue Q. Therefore Q is a quasi k-
ideal of M.

Conversely, let Q be a quasi k-ideal of M = P{E consider P £Jycq U. Then EF and Q< P(P). LetB €
P(P). Then Be Q. Therefore Q = P(P).

We now prove that P is a quasi ideal of F iEPRPI'F € P. Let x e FI'P NPT'F. Then there exist p, P and
s,t € Fsuchthat x = = qut. Now MI'Q N QI'M € Q< P(F) = M. Now {s, t} {p, g }€ MI'Q and {p, q } {s, t}€
QI M. Also {sap} ={s}a{p} € MI'Q and {oqt} ={q} a{t} € QI'M. Thus {x}¢ MTQ NQI'M < Q and so &P.
Therefore HP N PI'F € P and hence P is a quasi ideal of F.
Lemma 2.12 Let M be al-semiring . Then for all right k-ideal R and lefideal L of M, R N L is a quasi k-ideal of
M.
Proof. Let R and L be a right k-ideal and left k-ideal &f respectively. Then we have(R) TM N MI'(R N L) <
RTM NMILasRILEc Rand RLcLcRNLasR'M € Rand MR € L and so RL is a quasi ideal of M. Since
intersection of two k-subsets is a k-set df-semiring, it follows that RL is a quasi k-ideal of M. LeteM. We denote
L[a] = {X; x;/ x; € {a} UMa}. Since the additive reduct ( M, +) is a seittite, it follows that L[a] ={a +sa/ <
M, a €T }. Then L[a] is a suli--semiring of M. Also for any &£ M and u € L[a], we have au € Ma which implies
that M'L[a] < L[a] and so L[a] is a left ideal of M. As in [2fpllowing description for the principal left k-idéLy(a)
and right k-ideal Ra) of M can be verified easily.
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Lemma 2.13. Let M be a'-semiring and & M.

1.Then the principal left k-ideal of M generatadabis given by (a) ={u€ M/ u+a + sa = a + aa, for some s M,
a€eTl}

2.Then the principal right k-ideal of M generat®da is given by Ra) ={ueM/u+a+as= a+ as,forsome €
M,a €T }.

3. QUASI IDEALSIN K-REGULART'-SEMIRINGS.

Bourne [3] defined &-semiring M to be regular if for eacle & there exist x, § M such that a +@&aa =
anyaa, fora € T'. If aT-semiring M happens to be a ring then the Vonreun regularity and the Bourne regularity
are equivalent. This is not true inTasemiring in general (For counter example we r¢t®]). Adhikari, Sen and
Weinert [1] renamed the Bourne regularity of"esemiring as k-regularity to distinguish from thetion of Von
Neumann regularity.

Definition 3.1 AT'-semiring M is called a k-regularsemiring if for each & M there exist x, ¥ M such that a +
aoxaa = axyoa,a € I
Since ( M, +) is a semilattice,
we have a +@oa = atyaa= a + axxaa + (axoa + ayaa) = ayyaa + (axxaa +axyoa)
= a + ai(x+ty)aa = a(x+ y)aa .

Thus, al'-semiring M is k-regular if and only if for alEaM there exists & M, a € I" such that a +axaa =
aoxoa..

Let M be a k-regular-semiring and @ M. Then there existseM, a € I" such that a +&aa = axxaa. Then
we have

a + axoa = axxaa = a + axa(a + axxaa) = axxa(a + axxaa)

= a + axoaaxaa = axoaaxoa.
Thus, al'-semiring M is k-regular if and only if for all @ M there exists X2 M such that

aexaanxoa = axoaaxaa (1)
For examples and properties of k-regulssemirings we refer [1], [12], [13], [14].
We observe that the proof of this result can bearsggnicantly simpler when tHesemiring M is taken from ML+,
Theorem 3.2 Let M be a-semiring . Then M is k-regular if and onlyRT'L = RNL for any right k-ideal R and left k-
ideal L of M.
Proof. Let M be a k-regular-semiring . Then for any right k-ideal R and lefideal L of M, RI'L € RI'M € R and
RI'L € MIL € L. ThenRTL € RNL implies that L € RN L. Also for a € RNL there exists & M such that a +
aaxaa = axxaa. Then (ax)aa€ RIL implies that a€ RTL and so RIL € RTL. ThusRI'L = RNL.

Conversely, IeRTL = RNL for any right k-ideal R and left k-ideal L of Metae M,a €I, R=R(a)={u €
M/u+a+as=a+as}andL=L(@)={v € M/v+a+ sa=a+&a}. Then & R N L =RTL. Then there exist @
R and ve L such that a +av = uav. This implies that a + (a ta8)x(saa + a) = (a + @s)(xa + a). Thus a +yaa =
anyaa for some ¢ M, a € I'. Hence M is k-regular. Now we give several eglént characterizations of k-regularity in
terms of quasi k-ideals.

Theorem 3.3 Let A be a non-empty subset of Mand A be a klidéav if and only if k-regulad’-semiring . Then A is
a quasi A RTL, where R is a right k-ideal and L is a left k-itlef M.

Proof. Let A be a quasi k-ideal of k-regulBfrsemiring M and @ A. Then R = R(a) and L = (a) are right k-ideal and
left k-ideal of M respectively. Since M is k-rdguand &A < M, there is X € M such that a + ®&aaoxaa =
aoxaaoxoa. Now &R,a eI’ = anx € R and ag L =(aox)aa € L. Then axaaaxaa € RTL. Thus a € RTL.
Therefore AC RT'L. Now consider ue R,a € I and \eL. Then, by Lemma 2.4, there are § M such that u +@s + a
—axs+aandv +da+a=&a+a. Thenav + (aas + a)av = (axs + a)av implies that av + (axs + aj(taa + a) = (as
+ ak(taa + a)=uav + aa(sat+s + tha + & = ax(sat + s + ta + &. Again ax(sat + s + tha+ & € ACM N MIA
C A shows that av € A CA. Then R'L € A and so RTL € A. Hence A =RTL.

Conversely, let for a non-empty subset A of M, REL, where R is a right k- ideal and L is a left kead of
M. But by the above theorem, for a k-regulasemiring  M,RTL = RN L. Then A = RNL. But RNL is quasi k-ideal of
S[Lemma 2:3]. Thus A is a quasi k-ideal of M.

Theorem 3.4 For al'-semiring M the following conditions are equivalent

1. Mis k-regular.

2. Q IrMrqQ for every quasi k-ideal Q of M.

Proof. (1)= (2): Let Q be a quasi k-ideal of M. TheRIQI'Q € QrMNMI'Q € Q implies thaQTMI'Q € Q. Leta €
Q. Since M is k-regular, there issM such that a +@aa = axxaa. Then axaa € QrMI'Q implies that & QIMI'Q,
whence = QI'MI'Q. Thus Q =QI'MI'Q.

(2)= (1) :Letae M. Then Q = I(a) N R(a) is a quasi k-ideal of M, by Lemma 2.3 and ZHen ac Q = Q'MI'Q
and this implies that there exist @, 03, ¢4 € Qand § $ € M, a € T such that

a+ qas,ag, = a0,
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=a+(@Q+tp+tgrtgast)a(h+e+B+o) =(htR+th+to)a(s+s)a(+p+ g+ )
=a+qasaq=msaq, whereq=(g+ o+ g+ ) € Q=L(a) N R(a) and s = (s+ $) € M. Then there exist x, y
€M, a el suchthatq +xa +a=xa+aandq +a@y +a=ay+ aLemma 2.4]. Thus we have

a + gasaq = (psaq

=a+(g+tay+ansa(q+xxa+a)=(q+ay+a)asa (q+xaa+a)
=at+(ay+aasa(Xxaa+a)=(axy+a)asa(Xaa+a)

= ata(yasaxtyas+sax+slaa=-ax(yaSax+yas+sax+s)aa

—atartaa=-anxtaa, wheret=ywsax+yas+sax+s€e M,a el andso M is a k-reguldi-semiring .

Theorem 3.5 For al'-semiring M the following conditions are equivatie
1. M is k-regular.
2.Q N J =QrJrq for every quasi k-ideal Q and every k-ideal J\bf
3.Q N 1=QT'IrQ Q for every quasi k-ideal Q and every interiodkal | of M.
Proof. Since each k-ideal is an interior k-ideal, itlisar that (3= (2). Hence we are to prove
(1) = (3) and (2= (1) only.
(1) = (3): Let Q be a quasi k-ideal and | be an intekiddeal of M. Then QIFTQES Qr MIQS Qr M N MI'Q € Q
and Q'I'Q & MI'IT'M < | implies that @ITQ < Q Nl and soQT'II'Q € QN I. Let ae QNI. Since M is k-regular,
there is x€ M such that a +@axa aaxaa = axaxag € I' by (1). Now a(xaaax) a a € QI' ( MI'I M) T'QcQI'ITQ
implies that ae QI'IT’'Q and so QN | € QT'IT'Q. Thus QN | =QTITQ.
(2) = (1): Let Q be a quasi k-ideal of M. Since M ik-aleal of M, QO\M = QI'MI'Q i.e. Q =QT'MI'Q.
Hence M is a k-reguldr-semiring , by Theorem 3.4.
Theorem 3.6 For aI'-semiring M the following conditions are equivatie
1. Mis k-regular.
2. RNL € RTLfor every right k-ideal R and every left k-ideabf. M.
3. QNL < QTL for every quasi k-ideal Q and every left k-ideadf M.
Proof. (1) = (3) : Let Q be a quasi k-ideal and L be a leftikal of M respectively. LeteQNL. Since M is k-regular,
there is XM, o € T" such that a+t@xaa = axxaa. Now ax(xaa) € QI'(MTI'L) € QI'L. Then &QI'L. Thus QL € QI'L.
(3)= (2) : Since every right k-ideal is a quasi k-ideflM, it follows that RN L < RTL.
(2)= (1) : Letae M. Consider L = k((a), R = R(a). Then ae R N L implies that there exist e R and | € L such
thata + ra | =ral. Again there exist s, E Msuchthatr+as+a=axs+aand
|+taa+a=ta+a. Thus we have
atral=ral=a+(r+axs+aa(l+taa+ta)=(r+as+ax(l+taa+a)
= a+d+aauaa=4d+aauaa,for someuve M
—atan(a+d+aauaa)+axuca=-ax(a+d&+acuaa)+taruaa
= a+avoaa=avaa, forsomev=a+@u+ue M, whence M is k-reguldr-semiring .
The left-right dual of this theorem is as follows:
Theorem 3.7 For aI'-semiring M the following conditions are equivatie
1. M is k-regular.
2.Q N R < RTQfor every quasi k-ideal Q and every right k-ideadRM.
Theorem 3.8 For aI'-semiring M, the following conditions are equieat:
1. M is k-regular.
2.R N Q NLcRIQTL for every right k-ideal R, every quasi k-ideab@d every left k-ideal L of M.
Proof. (1) = (2): Let R, Q and L be any right k-ideal, any quagleal and any left k-ideal of M respectivelyet &€ R
NQNL. Since M is k-regular there existse&x M, a € I" such that a +&aaaxaa = axxaaaxaa. However
(aox) aaa(xaa)e RCQI'L, whence & RI'QT'L. Thus QN L € RI'QTL.
(2) = (1): Let R and L be any right k-ideal and any leftleal of M respectively. Then. is quasi k-ideal of M.
Then we have
RN(RN L)N L €RT(RTL)TL. = R N L S RTL and so M is a k-reguldi-semiring , by Theorem 3.6.
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