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Abstract 
In a graph (ܧ,ܸ)ܩ, a subset ܦ	 ⊆ ܸ	is called a global dominating set of ܩ, if ܦ is a dominating 
set of both ܩ and ̅ܩ.  The global  domination number ߛ௚(ܩ) is the minimum cardinality of a 
minimal global dominating set in ܩ. In this paper, we study the minimum dominating energy, 
denoted by ீܧ஽(ܩ), of a graph ܩ and minimum double dominating energy of G. We compute 
the minimum global dominating energies of complete graph, complete bipartite graph, star 
graph and cocktail party grap h . Upper and lower bounds for ீܧ஽(ܩ) are established. 
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1. INTRODUCTION 
In this paper, by a graph (ܧ,ܸ)ܩ	we mean a simple graph that is finite, have no loops no 

multiple and directed edges. We denoted by ݊ and ݉ to the number of its vertices and edges, 
respectively. We refer the reader to Harary book [9] for more graph theoretical analogist not 
defined here. A subset ܦ	 ⊆ ܸ߳	ݒ if every vertex ܩ is called a dominating set of (ܩ)	ܸ	 −  is ܦ
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adjacent to some vertex in ܦ. The domination number (ܩ)ߛ	݂݋	ܩ is the minimum cardinality of a 
minimal dominating set in ܩ. A subset ܦ	 ⊆  is a ܦ if ܩ is called a global dominating set in	(ܩ)	ܸ	
dominating set of both ܩ and ̅ܩ. The global domination number ߣ௚(ܩ) is the minimum cardinality 
of a minimal global dominating set in ܩ. Any global dominating set in a graph with minimum 
cardinality is called a minimum global dominating set. The concept of global domination in graph 
was introduced by Sampathkumar [18], while Kulli and Janakiram [14] have introduced the concept 
of total global dominating sets. Also, there are more studies and details in this concept can be see it 
in [4, 20, 21, 19] and the references cited there in. While for more details in domination theory of 
graphs we refer to Haynes et al. book [10]. 

The concept of energy of a graph was introduced by I. Gutman [7] in the year 1978. Let ܩ be 
a graph with ݊ vertices and m edges and let ܣ	 = 	 (ܽ௜௝) be the adjacency matrix of the graph. The 
eigenvalues ߣଵ, ,ଶߣ … … . ,  of A, assumed in non increasing order, are the eigenvalues of the		௡ߣ
graph ܩ. As A is real symmetric, the eigenvalues of ܩ are real with sum equal to zero. The energy 
 .i.e ,ܩ is defined to be the sum of the absolute values of the eigenvalues of ܩ	݂݋	(ܩ)ܧ
(ܩ)ܧ    = ∑ ௜|௡ߣ|

௜ୀଵ . 
 

For more details on the mathematical aspects of the theory of graph energy see [2, 8, 15]. 
The basic properties including various upper and lower bounds for energy of a graph have been 
established in [16, 17], and it has found remarkable chemical applications in the molecular orbital 
theory of conjugated molecules [5, 6].  

Recently C. Adiga et al [1] defined the minimum covering energy, ܧ஼(ܩ) of a graph which 
depends on its particular minimum cover C. Further, minimum dominating energy, Laplacian 
minimum dominating energy and minimum dominating distance energy of a graph ܩ can be found 
in [11, 12, 13] and the references cited there in. 

Motivated by these papers, we study the minimum global dominating energy ீܧ஽(ܩ) of a 
graph G and minimum double dominating Energy. We compute minimum global dominating 
energies of some standard graphs. Upper and lower bounds for ீܧ஽(G) are established. It is 
possible that the upper dominating energy that we are considering in this paper may be have some 
applications in chemistry as well as in other areas. 
 
2.     THE MINIMUM GLOBAL DOMINATING ENERGY OF A GRAPH 

Let ܩ be a graph of order n with vertex set ܸ(ܩ) = ,ଵݒ} ,ଶݒ … . . ,  Let  .(ܩ)ܧ and edge set		௡}ݒ
is the cardinality o ܩ The global domination number γg(G) of .ܩ be a global dominating set in ܦ f  
a smallest global dominating set in ܩ. Any global dominating set D with cardinality equals to 
γg(G) is called a minimum global dominating set of ܩ. The minimum global dominating matrix of 
G is then ݊ × ݊ matrix, denoted by (ܩ)ܦܩܣ = (݆ܽ݅), where 

  ܽ௜௝ = ቐ			
௝ݒ௜ݒ	݂݅											,	1 ∈ ;ܧ
1		,				݂݅			݅ = ݆			ܽ݊݀	
.݁ݏ݅ݓݎℎ݁ݐ݋											,		0

௜ݒ ∈  ;ܦ

Characteristic polynomial of (ܩ)ܦܩܣ is denoted by 

௡݂(ܩ, (ߣ = det	(ܫߣ −  .(  (ܩ)஽ீܣ
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The minimum global dominating e i g e n  v a l u e s  of a graph G are the eigenvalues of ீܣ஽(ܩ) 
.Since ீܣ஽(ܩ)is real and symmetric, its eigen values are real numbers and we label them in non-
increasing order λ1 ≥ λ2 ≥ .....≥ λn. The minimum global dominating energy of ܩ is defined as: 

(ܩ)ܦܩܧ = ∑ூୀଵ௡ ݅ߣ| |.	 

We first compute the minimum global dominating energy of a graph in Figure 1 

     

             Figure-1 

Let ܩ be a graph in Figure 1, with vertices set	{ݒଵ,ݒଶ,ݒଷ,ݒସ,ݒହ,  has more one set as a ܩ ଺}. Thenݒ
minimum global dominating set. For example, 1ܦ	 = 		  Then .{ସݒ,ଷݒ,ଵݒ}

                                  
The characteristic polynomial of ீܣ஽భ(ܩ) is 
௡݂(ܩ, (ߣ = ଺ߣ − ହߣ3 − ସߣ5 + ଷߣ12 + ଶߣ9 − ߣ9 − 5. 

 
Hence, the minimum global dominating eigenvalues are ߣଵ ≈ 3.2263		, ଶߣ ≈ 1.9102, ଷߣ ≈
ସߣ,	1.0000 ≈ −0.4939, ହߣ ≈ −1		, ଺ߣ ≈ −1.6426.								 
Therefore the minimum global dominating energy of ܩ is		ீܧ஽భ(ܩ) ≈ 9.2730. 
But if we take another minimum global dominating set of ܩ, namely ܦଶ =  ,{଺ݒ,ଷݒ,ଶݒ}
we get that 

                                

The characteristic polynomial of ீܣ஽మ(ܩ) is 
௡݂(ܩ, (ߣ = ଺ߣ − ହߣ3 − ସߣ5 + ଷߣ11 + ଶߣ8 − ߣ8 − 4. 

 
The minimum global dominating eigenvalues are ߣଵ ≈ 3.3795		, ଶߣ	 ≈ 1.6708, ଷߣ		 ≈ 1	, ସߣ		 ≈
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−0.4399, ହߣ		 ≈ −1		, ଺ߣ			 ≈ −1.6105.		Therefore the minimum global dominating energy of ܩ is  
(ܩ)஽మீܧ ≈ 9.1007. 

This example illustrates the fact that the minimum global dominating energy of a graph 
 depends on the choice of the minimum global dominating set. i.e. the minimum global	ܩ
dominating energy is not a graph invariant. 

In the following section, we introduce some properties of characteristic polynomial of 
minimum global dominating matrix of a graph ܩ. 
 
Theorem 2.1. Let ܩ be a graph of order ݊, size ݉, minimum global dominating set ܦ	and let
 ௡݂(ܩ, (ߣ = ܿ଴ߣ௡ + ܿଵߣ௡ିଵ + ܿଶߣ௡ିଶ + ⋯… … . . +ܿ௡. 

be the characteristic polynomial of the minimum global dominating matrix of a graph G.  

Then 

1											ܿ଴= 1. 

2											ܿଵ= −|D| 

3. 								ܿଶ = ቀ|ܦ|
2
ቁ − 2. 

Proof.  1. From the definition of ௡݂(ߣ,ܩ). 

2. Since the su m of diagonal elements o f ܦ| is equal to (ܩ)ܦܩܣ  |. The sum of 
determinants of all 1 × 1 principal submatrices o f  is the trace of (ܩ)ܦܥܣ 
ܦ|	which evidently is equal to,(ܩ)஽ீܣ |. Thus, (−1)1ܿଵ =  .|ܦ|

 3. (-1)2ܿଶ	is equal to the sum of determinants of all 2 × 2	principal submatrices      of 
 that is ,(ܩ)஽ீܣ

    ܿଶ = ∑ ቚ
ܽ௜௜					ܽ௜௝
௝ܽ௜					 ௝ܽ௝

ቚଵஸ௜ழ௝ஸ௡  

                                          = ∑ (ܽ௜௜ ௝ܽ௝−ܽ௜௝ ௝ܽ௜ଵஸ௜ழ௝ஸ௡ ) 

                                          = ∑ 	ܽ௜௜ ௝ܽ௝ −∑ 		ܽ௜௝ଶଵஸ௜ழ௝ஸ௡ଵஸ௜ழ௝ஸ௡  

           = ൫		|஽|
ଶ 		൯ − ݉ 

 

Theorem 2.2. Let ܩ be a graph of order n. Let λ1,λ2,...,λn  be the eigenvalues of 

 Then .(ܩ)ܦܩܣ

 (݅) 	∑ ௜ߣ = 	 ௡|ܦ|
௜ . 
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i 

 (݅݅) 	∑ ௜ߣ
ଶ = |ܦ| + 2݉.௡

௜  

Proof. (i) Since the sum of the eigen values of AGD(G) is the trace of AGD(G),then 

  ∑ ௜ߣ = 	 ∑ ܽ௜௜௡
௜ୀଵ = ௡.|ܦ|

௜  

 (ii) Similarly the sum of squares eigenvalues of AGD(G) is the trace of (AGD(G))2.   

             Then, 

  ∑ ଶ௜௡ߣ
௜ୀଵ = ∑ ∑ ܽ௜௝ ௝ܽ௜

௡
௝ୀଵ

௡
௜ୀଵ  

      = ∑ ܽଶ௜௜ +∑ ܽ௜௝ ௝ܽ௜
௡
௜ஷ௝

௡
௜ୀଵ  

       = ∑ ܽଶ௜௜௡
௜ୀଵ + 2∑ ܽଶ௜௝௡

௜ஷ௝  

                                   = |ܦ| + 2݉ 

        Bapat and S.Pati [3], proved that if the graph energy is a rational number then it is an even 
integer. Similar result for minimum global dominating energy is given in the following theorem.  

Theorem 2.3. Let ܩ be a graph with a minimum global dominating set ܦ. If the minimum global 
dominating energy (ܩ)ܦܩܧ of ܩ is a rational n u mb er , then 

(ܩ)ܦܩܧ ≡ ܦ|  .(2݀݋݉)|

Proof.   Let 1ߣ, ,2ߣ . . .  of which ܩ be the minimum global dominating eigen values of a graph ݊ߣ,
λ1,λ2,...,λr are positive and the rest are non-positive, then 

 ∑ ௜|௡ߣ|
௜ୀଵ = ଶߣ+ଵߣ) +⋯… . −(௥ߣ+ …⋯+௥ାଶߣ+௥ାଵߣ) . .  (௡ߣ+

                           = ଶߣ+ଵߣ)2 +⋯… . −(௥ߣ+ ଶߣ+ଵߣ) +⋯… .  .(௥ߣ+

                           = ݍ2 − ݍ	݁ݎℎ݁ݓ.|ܦ| = ଶߣ+ଵߣ +⋯… .  .௥ߣ+

Since λ1,λ2,...,λr are algebraic integers, so is their sum. Hence (λ1 +λ2 +...+λr) must be an integer 
if (ܩ)ܦܩܧ is rational.  

Theorem 2.4.  For ݊ ≥ 1, the minimum global dominating energy of the complete graph 
,݊ܭ (݊ܭ)ܦܩܧ		ݏ݅ = ݊. 

Proof. For the complete graphs ݊ܭ, the minimum global dominating set is all vertices, i.e. 
ܦ =   .(݊ܭ)ܸ

Then, 
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   = ߣ)௡ିଵߣ − ݊) 

The characteristic polynomial of AGD(Kn) is 

                 

The spectrum of ݊ܭis 

(௡ܭ)ܿ݁݌ܵ	ܦܩ   = ቀ		 0										݊݊ − 1				1		ቁ 

Therefore, the minimum global dominating energy of the complete graph is 

(݊ܭ)ܦܩܧ = ݊. 

Theorem 2.5. For the complete bipartite graph Kr,r,for r≥2, the minimum global 

dominating energy is equal to 

ݎ)   + 1) + ଶݎ√ + ݎ2 − 3 

Proof. For the complete bipartite graph ݎ,ݎܭ with vertex set ܸ	 = (ܸ1, ܸ2) where ܸ1	and	ܸ2	 are 
the partite sets of its, ܸ1	 = ,···,2ݒ,1ݒ} 	and ܸ2 {ݎݒ =   .{ݎݑ,···,2ݑ,1ݑ}

The minimum global dominating set is ܦ =  Then .{1ݑ,1ݒ}

             

The characteristic polynomial of (ݎ,ݎܭ)ܦܩܣis 
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= ଶߣ]ଶ௥ିସߣ + ݎ) − ߣ(1 − ݎ) − ଶߣ][(1 − ݎ) + ߣ(1 + ݎ) − 1) 

 The spectrum of ݎ,ݎܭ	ݏ݅	(ݎ,ݎܭ)ܿ݁݌ܵܦܩ  

 

Therefore, the minimum global dominating energy of the complete bipartite graph 

is     ீܧ஽൫ܭ௥,௥൯ = (1 + (ݎ + ଶݎ√ + ݎ2 − 3 

Theorem 2.6.  For ݊ ≥ 2,the minimum global dominating energy of a star graph 

ଵ,௡ିଵ is less than or equal to  2ܭ																	 + 2√݊ − 2 

Proof. Let ܭଵ,௡ିଵ   be a star graph with vertex set ܸ	 = ,଴ݒ} ,···,ଶݒ,ଵݒ  ଴is the centralݒ ௡ିଵ}, whereݒ
vertex. Since , ܭ௡ିଵതതതതതത = ଵܭ  ଵ,௡ିଵ isܭ ேିଵ it follows that the minimum global dominating set ofܭ	∪
	ܦ = ,଴ݒ} ݅	௜} for anyݒ = 1,2, . . . , ݊ − 1.	 

Hence, if we choose ܦ	 = ,଴ݒ} ଵ,௡ିଵܭ ௜},then the minimum global dominating matrix ofݒ  is 

          

The characteristic polynomial of ܦܩܣ(ܭଵ,௡ିଵ) is 
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           = ଷߣ]௡ିଷ(ߣ) − ଶߣ2 − (݊ − ߣ(2 + (݊ − 2)] 

                                            ≤ ଷߣ]௡ିଷ(ߣ) − ଶߣ2 − (݊ − ߣ(2 + 2(݊ − 2)] 

The spectrum of ܭଵ,௡ିଵis 

  

Therefore, the minimum global dominating energy of a star graph is 

ଵ,௡ିଵ൯ܭ஽൫ீܧ   ≤ 2 + 2√݊− 2 

Definition 2.7.  The cocktail graph, denoted by ܭଶ×௣, is a graph having vertex set 
⋃(ଶ×௣ܭ)ܸ ௜ݑ} {௜ݒ,

௣
௜ୀଵ  and edge set ܧ൫ܭଶ×௣൯ = ൛ݑ௜ݑ௝, ,௝ݒ௜ݒ :௝ݑ௜ݒ,௝ݒ௜ݑ 1 ≤ ݅ < ݆ ≤ ݊,ൟ, i.e݌ =

݉,݌2 = ௣మିଷ௣
ଶ

 and for ever ݒ ∈ ܸ൫ܭଶ×௣൯,݀(ݒ) = ݌2 − 2. 

Theorem 2.8.  For the cocktail party graph ܭଶ×௣ of order 2݌, for	݌ ≥ 3, the minimum global 

dominating energy is equal to (2݌ − 1) + ݌)5√ − 1) 

Proof.   For cocktail party graphs ܭଶ×௣ the minimum domination set is D= 1	|݅ݑ} ≤ 

݅ ≤  Hence, for cocktail party graphs the minimum global dominating matrix is.{݌

                   

The characteristic polynomial of ܦܩܣ൫ܭଶ×௣൯	is 
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  = ଶߣ] − ݌2) − ߣ(1 + ݌) − ଶߣ][(1 	+ ߣ − 1](௣ିଵ) 

The spectrum of   ܭଶ×௣ 		is 

 

Therefore, the minimum global dominating energy 

(ଶ×௣ܭ)஽ீܧ  = ݌2) − 1) + ݌)5√ − 1). 

Theorem 2.9.     Let ܩ be a graph of order ݊ and size ݉. Then 

 ඥ2݉ + (ܩ)௚ߛ ≤ (ܩ)஽ீܧ ≤ ඥ݊(2݉ +  (ܩ)௚ߛ

Proof.  Consider the Couchy-Schwartiz inequality 

 

By choose   ܽ݅ = 1ܽ݊݀	ܾ݅ = ݅ߣ| |, we get 

൫ீܧ஽(ܩ)൯
ଶ

= ൭෍|ߣ௜|
௡

௜ୀଵ

൱
ଶ

≤ ൭෍1
௡

௜ୀଵ

൱൭	෍ߣଶ௜

௡

௜ୀଵ

൱ 

                    ≤ ݊(2݉ +  (|ܦ|
                   ≤ ݊ቀ2݉+  .ቁ(ܩ)௚ߛ
Therefore, the upper bound is holds. For the lower bound, since 

   (		∑ ௜|௡ߣ|
௜ୀଵ 	)ଶ 	≥ ∑ ௜ߣ	

ଶ௡
௜ୀଵ . 

Then,            ீܧ஽(ܩ))ଶ ≥ ∑ ଶ௜ߣ = 2݉ + |ܦ| = 2݉ + ௡(ܩ)௚ߛ
௜ୀଵ  

Therefore,   ீܧ஽(ܩ) ≥ ඥ2݉+  .(ܩ)௚ߛ

Similar to McClellands [17] bounds for energy of a graph, bounds for ீܧ஽(ܩ) are given in the 
following theorem. 
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Theorem 2.10.    Let ܩ be a graph of order 	݊	ܽ݊݀	size݉ , respectively. 

 If  ܲ	 =  then ,((ܩ)஽ீܣ)ݐ݁݀	

(ܩ)஽ீܧ  ≥ ට2݉ + (ܩ)௚ߛ + ݊(݊ − 1)ܲ
మ
೙ 

 

 

 

 

3.MINIMUM DOUBLE DOMINATING ENERGY: 

Let ܩ be a simple graph of order  ݊ with vertex set ܸ = ,ଷݒ,ଶݒ,ଵݒ} … … . . ,   ௡} and edge setݒ
E. A subset ܦ′ ⊆ ܸ is a double dominating set if  ܦ′  is a dominating set and every vertex of  ܸ −  ′ܦ
is adjacent to atleast two vertices in ܦ′. The double Domination number ߛ௫ଶ(ܩ) is the minimum 
cardinality taken over all the minimal double dominating sets of ܩ. 

Let ܦ′ be the minimum double dominating set of a graph.The minimum double dominating 
matrix of ܩ is the ݊ × ݊ matrix defined by ܣ஽(ܩ) = (ܽ௜௝) where  

                                                   ܽ௜௝ = ቐ
௜ݒ	݂݅																		1 ௝ݒ	 ∈ ܧ

1			݂݅	݅ = ௜ݒ	݀݊ܽ		݆ ∈ 	′ܦ
	݁ݏ݅ݓݎℎ݁ݐ݋																		0

 

The characteristic polynomial of  ܣ஽(ܩ) is denoted by  ௡݂(ܩ, (ߣ = ܫߣ)	ݐ݁݀ −  .((ܩ)஽ܣ

The minimum double dominating eigen values of the graph ܩ  are the eigen values of ܣ஽(ܩ). 

Since ܣ஽(ܩ)  is real and symmetric, its eigen values are real numbers and are labeled in 
non-increasing order ߣଵ ≥ ଶߣ ≥ ଷߣ ≥, … . ,≥ ௡ߣ .the minimum double dominating energy of  ܩ  is 
defined as ܧ஽(ܩ) = ∑ ௜|௡ߣ|

௜ୀଵ . 
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Example 3.1.   Let ܩ be a cycle ܥସ on 4 vertices ݑଵ, ,ଶݑ ,ଷݑ  ସ with minimum double dominating setݑ
′ܦ = ଵݑ}   ଷ} . Thenݑ,

(ସܥ)஽ܣ    = ൮

1							1						0						1
1							0					1						0
0							1					1						1
1							0					1						0

൲ 

The Characteristic polynomial of ܣ஽(ܥସ) is  ߣସ−2ߣଷ − ଶߣ3 +  the minimum double dominating ,ߣ4

eigen values are 0, 1, ଵା√଻
ଶ
	 , ଵି√଻

ଶ
 , and the minimum double dominating energy is ܧ஽(ܥସ) = 1 +

√17. 

Theorem 3.2.   Let  G  be a graph with  n  vertices and  m  edges. 

 If ߣଵ, ,ଶߣ ,ଷߣ , … . , ∑ then ,(ܩ)஽ܣ ௡ are the eigen values ofߣ ଵߣ
ଶ௡

௜ୀଵ = |ܧ|2 + หܦ′ห. 

Proof:  The sum of the squares of the eigen values of ܣ஽(ܩ) is the trace of ܣ஽(ܩ)ଶ. 

                                ∑ ଵߣ
ଶ௡

௜ୀଵ = 	 ∑ ∑ ܽ௜௝ ௝ܽ௜
௡
௝ୀଵ

௡
௜ୀଵ  

                                               = 2∑ ൫ܽ௜௝൯
ଶ

௜ழ௝ + ∑ ൫ܽ௜௝൯
ଶ௡

௜ୀଵ  

    = |ܧ|2 + หܦ′ห 

    = 2݉ + หܦ′ห. 

Theorem 3.3.   Let G be a simple graph with  n  vertices, m edges  and let ܦ′ be a double dominating 
set of G and ܨ = ݐ݁݀|  , then  |(ܩ)஽ܣ

  ට2݉ + |′ܦ| + ݊(݊ − 1)݂
మ
೙ 	≤ (ܩ)஽ܧ ≤ ඥ݊(2݉ +  (|′ܦ|

Proof:    Let  ߣଵ ≥ ଶߣ ≥ ଷߣ ≥, … . ,≥   . (ܩ)஽ܣ௡ be the eigen values ofߣ

By Cauchy-Schwarz inequality, ∑ (ܽ௜ ௜ܾ)ଶ ≤ ∑ (ܽ௜
ଶ௡

௜ୀଵ )௡
௜ୀଵ (∑ (ܾ௜

ଶ௡
௜ୀଵ )). 

Let ܽ௜ = 1, ௜ܾ =  ,|௜ߣ|

ଶ(ܩ)஽ܧ = (	෍|ߣ௜|
௡

௜ୀଵ

	)ଶ ≤ ݊	 ൭෍|ߣ௜|ଶ
௡

௜ୀଵ

൱ = ݊෍ߣ௜
ଶ = ݊(2݉ + หܦ′ห

௡

௜ୀଵ

 

(ܩ)஽ܧ ≤ ඥ݊(2݉ +  |′ܦ|

ଶ[(ܩ)஽ܧ] = (෍|ߣ௜ |
௡

௜ୀ

)ଶ = ෍|ߣ௜|ଶ
௡

௜ୀଵ

+ ෍|ߣ௜|
௜ୀ௝

หߣ௝ห 
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From the inequality between the arithmetic and geometric mean,  

We obtain  ଵ
୬(୬ିଵ)

∑ ௜|௜ୀ௝ߣ| หߣ௝ห 	≥ ൫∏ ௝ห௜ୀ௝ߣ௜|หߣ| ൯
భ

౤(౤షభ) 

                 ∑ ௜|௜ஷ௝ߣ| หߣ௝ห 	≥ ݊(݊ − 1)ൣ∏ ௜|ଶ(௡ିଵ)௡ߣ|
௜ୀଵ ൧

భ
౤(౤షభ) 

                     ≥ ݊(݊ − 1)[∏ ௜|௡ߣ|
௜ୀଵ ]

మ
౤ 

             ≥ ݊(݊ − 1)|∏ ௜|௡ߣ|
௜ୀଵ |

మ
౤ 

                       ≥ ݊(݊ − |	(ܩ)஽ܣݐ݁݀|(1
మ
౤ 

          ∑ 	௜|௜ஷ௝ߣ| หߣ௝ห ≥ ݊(݊ − ܨ(1
మ
೙ 

ଶ[(ܩ)஽ܧ]											 ≥෍|ߣ௜ |ଶ
௡

௜ୀଵ

+ ݊(݊ − ܨ(1
ଶ
௡ 

                         ≥ (2m + หܦ′ห + ݊(݊ − ܨ(1
మ
೙ 

[(ܩ)஽ܧ]											 	≥ ට2m + |′ܦ| + ݊(݊ − ܨ(1
ଶ
௡ 	 

 

Definition 3.4. The crown graph ܵ௡௢ for an integer ݊ ≥ 2 is the graph with vertex set ݒ =
൛ݑଵ, ,ଶݑ … … . , ,௡ݑ ,ଵݒ ,ଶݒ ,ଷݒ … … … , :௝ݒ௜ݑ௡ൟ and the edge set൛ݒ 1 ≤ ݅	, ݆ ≤ ݊, ݅ ≠ ݆ൟ.   

Theorem 3.5.    For any ݊ ≥ 2, the double dominating energy of the crown graph ܵ௡௢  is equal to 
2 + 2(݊ − 3) + √݊ଶ − 2݊ + 9 + √݊ଶ + 2݊ − 7. 

Proof: The crown graph ܵ௡௢  with vertex set ݒ = ൛ݑଵ,ݑଶ, … … . ,௡ݑ, ,ଷݒ,ଶݒ,ଵݒ … … … ,  ௡ൟ theݒ
minimum double dominating set ܦ′ = ,ଵݑ}  .{ଶݒ,ଵݒ,ଶݑ
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Characteristic polynomial is  

																																			  

Characteristic equation is  

ߣ)ߣ − ߣ)(2 + 1)௡ିଷ(ߣ − 1)௡ିଷ൫ߣଶ + (݊ − 3)൯ߣ − (2݊ − ଶߣ)(4 − (݊ − ߣ(1 − 2) = 0 

Minimum double dominating eigen values are  

ߣ  = 0	, ߣ = 2	, ߣ = −1	, (݊ − ,(ݏ݁݉݅ݐ	3 ߣ = 1(݊ −   	(ݏ݁݉݅ݐ	3

ߣ  = (௡ିଵ)±√௡మିଶ௡ାଽ
ଶ

 (ℎܿܽ݁	݁݉݅ݐ	݁݊݋)	

ߣ             = (ଷି௡)±√௡మାଶ௡ି଻
ଶ

 (ℎܿܽ݁	݁݉݅ݐ	݁݊݋)	

Minimum double dominating energy 

஽ܧ               ′(ܵ௡
௢) = 2 − 2(݊ − 3) + √݊ଶ − 2݊ + 9 + √݊ଶ + 2݊ − 7. 
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